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We review classical BPS monopoles, their moduli spaces, twistor descriptions and dy- 
namics. Particular emphasis is placed upon symmetric monopoles, where recent progress 
has been made. Some remarks on the role of monopoles in S-duality and Seiberg-Witten 
theory are also made. 



1. Introduction 



Monopoles are topological soliton solutions in three space dimensions, which arise 
in Yang-Mills-Higgs gauge theories where the non-abelian gauge group G is sponta- 
' neously broken by the Higgs field to a residual symmetry group H. The Higgs field 

at infinity defines a map from to the coset space of vacua G/H, so if tt2{G/H) 
is non-trivial then all solutions have a topological characterization. The simplest 
case is to take G = SU{2) broken to H — U{1) by a Higgs field in the adjoint 
, representation. We shall concentrate upon this case and indicate how the methods 

Qj I and results extend to higher rank gauge groups in Section 5. 

• The Lagrangian density, with the usual symmetry breaking potential is 

1 _ 1 f 



C = -triF^.Fn - friD^'fD^<i>) - -A(||$||^ - 1)^ (1.1) 

where ||$|P = — itr$^ is the square of the length of the Higgs field. In the SU{2) 
case we have that tt2{SU{2)/U{1)) = 2, so that each configuration has an associated 
topological integer, or winding number, fc, which may be expressed as 



^y"tr(B,A$) d'x. (1.2) 



k 

Here Bi denotes the magnetic part of the gauge field, Bi = \eijkFjk, and indices 
run over the spatial values 1, 2, 3. The integer k is the degree of the map given by 
the Higgs field at infinity 

%:S^^S^ (1.3) 
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and is known as the monopolc number, or charge, since it determines the magnetic 
charge of the solution as foUows. The U{1) residual symmetry group is identified as 
the group of electromagnetism, and the only component of the non-abelian gauge 
field which survives at infinity is the one in the direction of $, the asymptotic Higgs 
field. This allows us to define abelian magnetic and electric fields 

b, = itr(B,$), e, = ^tr(£;,$) (1.4) 

and it can be shown, by using Stokes' theorem, that the associated magnetic charge 
is exactly Ank. 

In order to make progress with the classical solutions of the second order field 



equations which follow from (IT) it is helpful to consider the BPS limitEJa, in which 
the Higgs potential is removed by setting A = 0. We shall consider only this case 
from now on. Then, as Bogomolny pointed out0, by completing a square in the 
energy integral 

E^lJ -tr(A$A* + B,B, + E,E, + Dt^Dt^) d^x (1.5) 
a bound on E, in terms of the monopolc number fc, can be obtained 

E>'iTT\k\. (1.6) 

Moreover, all solutions of the second order equations which attain this bound are 
static solutions that solve the first order Bogomolny equation 

A$ = -B, (1.7) 

(or the one obtained from above by a change of sign for fc < 0). 



For solutions of the Bogomolny equation (L7) the energy may be expressed in 
the convenient forni3 

j dMm? (1.8) 
allowing the energy density to be computed from knowledge of the Higgs field alone. 



The charge one solution of equation (1.7) has a spherically symmetric form and 



was first written down by Prasad & Sommerfieldcl. It is given by 

rcosh?' — sinhr sinhr — r 

$ = iXjCTj , Ai ^ -leijk^jXk „ . ■ . (1.9) 

r^smhr r^smhr 

This monopole is positioned at the origin, but clearly three parameters can be 
introduced into the solution by a translation which places the monopole at an 
arbitrary location in IR"^. A further parameter can also be introduced into this 
solution, but its appearance is more subtle. Consider gauge transformations of the 
form g — exp(x$), which is a zero mode since the potential energy is independent 
of the constant x- However, if one returns to the second order field equations then 
it turns outQ that a transformation of this form, but where x is now linearly time 
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dependent, also gives a solution, and now the monopole becomes a dyon, with 
electric charge proportional to the rate of change of x- Thus it is useful to include the 



phase X as one of the moduli in the solutions of the Bogomolny equation (1.7). Hence 
the moduli space, Ali, of charge one solutions is 4-dimensional. Mathematically, 
to correctly define this 4-dimensional moduli space of gauge inequivalent solutions 
one must carefully state the type of gauge transformations which are allowed, and 
consider framed monopoles and transformational. 

In the BPS limit of a massless Higgs there is now both a long-range magnetic 
repulsion and a long-range scalar attraction between the fields of two well^separated 
and equally charged monopoles. By studying the field equations MantonQ was able 
to show that these long-range forces exactly cancel, thus providing for the possibility 



of static multi-monopoles ie. solutions of (1.7) with fc > 1. 

Multi-monopole solutions indeed exist and are the topic of discussion in Section 
2. Briefiy, it is now known JJiat the moduli space of charge k solutions, A^fc, is a 
4fc-dimensional manifoldQ#EHl3. Roughly speaking, if the monopoles are all well- 
separated then the Ak parameters represent three position coordinates and a phase 
for each of the k monopoles. However, for points in A^fc which describe monopoles 
that are close together, we shall see that the situation is more interesting. The 
explicit construction of any multi-monopole solution turned out to be a difficult 
task, which required the application of powerful twistor methods, as we now review. 

2. Tv^fistor Methods 

As a first attempt to construct multi-monopole solutions one might try to generalize 
the spherically symmetric k — \ solution (1.9). However, Bogomolny showedEJ that 



this is in fact the unique spherically symmetric solution, so there are no spherically 
symmetric monopoles for fc > 1 . This makes the task of explicitly constructing any 
multi-monopole solution more difficult, and indeed it would probably be impossible 



if it were not for the fact that the Bogomolny equation (1/7) has the special property 
of being integrable, as we explain in the following. 

Ward's twistor transform for self-dual Yang-Mills gauge fieldJlilli relates in- 
stanton solutions in to certain holomorphic vector bundles over the standard 
complex 3-dimensional twistor space (DP'^. By constructing such bundles the self- 
dual ga uge fields can be extracted and this can be done explicitly in a number of 
casesEj. Now to be able to apply this technique to monopoles we need to find the 
connection between self-dual gauge fields in and monopoles, which are objects 
in 

The observation of MantorJU is that if one considers the self-dual equation 

F^i, — -€fj,^al3Fa0 (2.1) 

for the gauge field in four dimensions (so greek indices take the values 1,2,3,4) and 
dimensionally reduces, by setting all functions independent of the X4 coordinate, 



then {2A) reduces to the Bogomolny equation (1/7) after the identification = $ 
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Thus monopoles may be thought of as some particular kinds of self-dual gauge fields, 
though they are not instantons, since they are required to have infinite action in 
order to have the required Xi dependence. For the particular case of the charge one 



monopole (1.9) the solnlipn can be obtained using the form of the Corrigan-Fairlie- 
t'Hooft-Wilczek ansatzE£lE30 which gives a subset of self-dual gauge fields, though 
no multi-monopoles can be obtained in this wayuj. 

Knowing the form of the k = I monopole solution, one can construct the as- 
sociated vector bundle to which it corresponds and then hope to generalize this to 
obtain the vector bundle of a fc = 2 solution and hence a charge two monopole. 
Ward's original description of this procedure! was in terms of bundles over (DP"^, 
which have a particular special form to obtain the reouired independence of the 
gauge fields. However, as later described by Hitchinta, the dimensional reduction 
can be made at the twistor level too, to obtain a direct correspondence between 
monopoles and bundles over the mini-twistor space TT, which is a 2-dimensional 
complex manifold isomorphic to the holomorphic tangent bundle to the Riemann 
sphere T(DP^. It is helpful in connecting with other approaches if we adopt this 
reduced description. 

To put coordinates on TT let ( be the standard inhomogcneous coordinate on 
the base space and rj the complex fibre coordinate. For the twistor transform these 
twistor coordinates are related to the space coordinates xi,X2,X3 via the relation 

r,= i^l±^-,,C-^^^^^e. (2.2) 

Monopoles correspond to certain rank two vector bundles over TT, which may be 
characterized by a 2 x 2 patching matrix which relates the local trivializations over 
the two patches [/i = {C : |CI ^ 1} and U2 = {C ■ |CI ^ !}• For chargejc monopoles 
the patching matrix, F, may be taken to have the Atiyah-Ward formllj 

To extract the gauge fields from the bundle over twistor space requires the patching 
matrix to be 'split' as F = H2Hi^ on the overlap Ui O U2, where Hi and H2 are 
regular and holomorphic in the patches Ui and U2 respectively. 

For a patching matrix of the Atiyah-Ward form this 'splitting' can be done by 
a contour integral. From the Taylor-Laurent coefficients 

Ap = / dC (2.4) 

the gauge fields can be computed. For example there is the elegant formulaS 

W'ff = l-dA\ogD (2.5) 
where D is the determinant of the k x k banded matrix with entries 

Dp, = Ap+q_fc_i, l<p,q<k. (2.6) 
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Fm^harge k monopoles the function T in the Atiyah-Ward ansatz ( p. 3D has the 
fornJii 

/-k 

Y = 2_(^g(-^l+*2^2)C-2;3 _|_ (^_l'jk^(-Xi-lX2)C +X3-'J (2 7) 

where S* is a polynomial in rj of degree fc, with coefhcients which are polynomials in 

C- 

The k = 1 solution (1.9) is obtain by taking S — rj. In this case the contour 
integral (2.4) gives 

2sinhr . 
Ao = (2.8) 

r 

and since fc = 1 then Z3 = Aq and (^^) gives 

11 1,9 ^ r^ , 2sinhr' (rcoshr — sinhr)^ 

ll^r = 1 - 9^9. log = (^^.^,^). (2.9) 



which clearly agrees with (1.9). Similarly, by taking 

a^C+'^^^^C (2.10) 



(ai + ia2) ^ , (fli - ia2) ^2 



a monopole with position x — (oi, a2^ a^) is obtained. 

Wardcl was able to generalize the fc = 1 solution to present a 2-monopole solution 
which is given by taking 

s = v' + "^e. (2.11) 

As stated earlier, it was known that such a solution could not be spherically sym- 
metric and in fact Ward's 2-monopole solution has an axial symmetry, so that a 
surface of constant energy density is a torus. The traditional definition of the po- 
sition of a monopole is taken to be where the Higgs field is zero. This toroidal 
monopole has a double zero at the origin and no others, so this configuration may 
be thought of as two monopoles both of which are located at the origin. 

For the general 2-monopole solution there is one important parameter, related to 
the separation of the monopoles, with the other seven parameters being accounted 
for by the position of the centre of mass, an overall phase and spatial SO{i) rota- 
tions of the whole configuration. This one-parameter family of solutions was also 
constructed by Warc]0 and corresponds to the function 

S = Tf - —{m + 2{m-2)(^ + 771^^) (2.12) 

where m S [0, 1) and K is the complete elliptic integral of the first kind with 
parameter m. If m = then K = 7t/2 and (2.12) reduces to (2.11), representing 
coincident monopoles. In the limit as m — > 1 then K ^ 00 and ( p. 12 ) becomes 
asymptotic to the product 

5=(ry+y(l-C'))(r/-f (1-n) (2.13) 
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which, by comparison with ( ^.10 ), can be seen to describe two well-separated 
monopoles with positions (±if, 0,0). 

It should be noted that at around the same time that Ward produced his 2- 
monopole solutions using twistor methods, a moic traditional integrable systems 
approach was taken by Forgacs, Horvath & PallaE3 and the same results obtained. 
This method makes use of the fact that the Bogomolny equation (1.7) (in a suitable 
formulation) can be written as the compatibility condition of an overdetermined 
linear system. The linear system can be solved in terms of projectors and the 
corresponding gauge fields extracted. 

An axially symmetric monopole exists for all A; > 1, with the f uncti ons S that 
generalize the k = 2 example ( 2.11 ) being found by Prasad & RossicSo to be 

9 1 

S = X{{ri' + (l + -f^''C'} for k = 2g + 2 (2.14) 

9 

S = riW{jf + l'^TT^(^} for A: = 2.g+1 (2.15) 

1=1 

A main difficulty with this direct twistor approach is finding the polynomials 
S so that a non-singular solution of the Bogomolny equation (1.7) is obtained. By 
explicit computation Ward was able to show that the axially symmetric 2-monopole 
solution corresponding to (2.11) is smooth, and this can then be used to show that, 
at least for solutions corresponding to ( 2.12 ) which are close to this one, then they 
too are smooth. A general discussion of non-singularity was given by Hitchinli3 and 
we shall return to this shortly. 

An analysis of the degrees of freedom in the function S together with the con- 
straints of reality and non-singularity, allowed Corrigan & Goddardi to deduce that 
a charge k monopole solution has Ak degrees of freedom, as wc have mentioned ear- 
lier. However, for k > 2 very few explicit examples of functions S are known, 
although some have recently been obtained by considering particularly symmetric 
cases (see later). Note that even if the function S is known it is still a difficult 
task to perform the contour integrals (2^) and extract the gauge fields explicitly, 
with the tractable cases only likely to be those in which S factors into a product 
containing no greater than quadratic polynomials in rj. 

We have seen that a monopole is determined by a vector bundle over TT and 
that this in turn is determined by a polynomial S. In fact it turns out that this 
polynomial occurs in many of the different twistor descriptions of monopoles and is 
a central object. A more diiect relation between this polynomial and the monopole 
was introduced by HitchinMI and we shall now review this topic of spectral curves. 

In Hitchin's approach TT is identified with the space of directed lines in IR"^ . The 
base space coordinate C defines a direction in IR"^ (via the usual Riemann sphere 
description of S'^) and the fibre ry is a complex coordinate in a plane orthogonal to 
this line. Given a line in IR'^, determined by a point in TT, one then considers the 
linear differential equation 

{D^~i^)v = (2.16) 
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for the complex doublet where u is the coordinate along the line and D„ de- 
notes the covariant derivative in the direction of the line. This equation has two 
independent solutions and a basis (vq^vi) can be chosen such that 

lim vo{u)u -'^/^e" eo, (2.17) 

u — ^oo 

lim '^/^e^" = ei 

u — >oo 

where eo, ei are constant in some asymptotically flat gauge. Thus vq is bounded and 
vi is unbounded as w — > cxd. Clearly a similar description exists in terms of a basis 
(vg, v'l) of bounded and unbounded solutions in the opposite direction as u — > — oo. 



Now the line along which we consider Hitchin's equation (2.16) is called a spectral 
line if the solution is decaying in both directions u ±oo ie. the unbounded 
component of the solution is absent as we move off to infinity in either direction 
along the line. The set of all spectral lines defines a curve of genus {k_— 1)^ in TT 
called the spectral curve, which for a charge k monopole has the formEJ 

8 = 7^'' + v^-'aiiC) + ... + i'ak-riO + ■■■ + Wk-iiO + afc(C) = (2.18) 

where, for 1 < r < k, ar{C) is a polynomial in ( of maximum degree 2r. However, 
general curves of this form will only correspond to fc-monopoles if they satisfy the 
reality condition 

a.(C) = i-iye^ari-l/C) (2.19) 

and some difficult non-singularity conditionsEl. 

This function S, whose zero set gives the spectral curve, is precisely the func- 
tion which occurred earlier in the determination of the Atiyah-Ward patching ma- 
trix. Moreover, Hitchinll3 was able to prove that all monopole solutions can be 



constructed from the Atiyah-Ward class of bundles using War( 
analysis of the spectral curve singularity constraints HurtubiseE; 



's method. By an 
was able to derive 
the spectral curve (2.12) of the general 2-monopole solution. 

Although the spectral curve has now appeared in two approaches the main 
problem still lies in satisfying the difficult non-singularity conditions which a general 
curve must satisfy in order to be a spectral curve and thus correspond to a monopole. 
A third approach was introduced by NahmO and this has the great advantage that 
non-singularity is manifest, although there is a price to be paid for this, which is 
that the transform requires the solution of a matrix nonlinear ordinary differential 
equation. 

The Atiyah-Drinfeld-Hitchin-Manin (ADHM) constructionE3 is a formulation of 
the twistor transform for instantons on . It allows their construction in terms of 
linear algebra in a vector space whose dimension is related to the instanton number. 
Since monopoles correspond to infinite action instantons, then an adaptation of the 
ADHM construction involving an infinite dimensional vector space, which can be 
represented by functions of an auxiliary variable, might be possible. Nahmc3 was 
able to formulate such an adaptation, which is now known as the Atiyah-Drinfeld- 
Hitchin-Manin-Nahm (ADHMN) construction, or the Nahm transform. 
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The ADHMN construction is an equivalence between fc-monopoles and Nahm 
data (Ti, T2, T3), which are three k x k matrices which depend on a real parameter 
s e [0, 2] and satisfy the following; 

(i) Nahm's equation 

^ = ^e,,,[T„T,], (2.20) 



(ii) Ti{s) is regular for s e (0, 2) and has simple poles at s = and s — 2, 



(iii) the matrix residues of {Ti,T2,T3) at each pole form the irreducible k- 
dimensional representation of SU(2), 

(iv) T,{s) = -T^is), 

(v) T,(s) = r/(2-s). 

Finding the Nahm data effectively solves the nonlinear part of the monopole 
construction but in order to calculate the fieldsthemselves the linear part of the 
ADHMN construction must also be implementecujO Given Nahm data (Ti , Ta) 
for a fc-monopole we must solve the ordinary differential equation 



as 



- iTj «) (Tj)v 







(2.21) 



for the complex 2fc- vector v(s), where Ife denotes the kx k identity matrix and x = 
{xi, X2, X3) is the point in space at which the monopole fields are to be calculated. 
Introducing the inner product 

(2.22) 



(vi, V2) = / v|v2 ds 
Jo 



then the solutions of ( 2.21 ) which are required are those which are normalizable 
with respect to ( [2.22| ). It can be shown that the space of normalizable solutions to 
( 2.21 ) has (complex) dimension two. If vi, V2 is an orthonormal basis for this space 
then the Higgs field <i> and gauge potential Ai are given by 



$ = i 



((s-l)vi,vi) ((s-l)9i,V2) 
((s-l)v2,Vi) ((S-1)V2,V2) 



Nahm's equation ( ^.2C| ) has the Lax formulation 



(vi,9iVi) 

(v2,9iVi) 



(vl,9iV2) 
(v2,(9iV2) 



FA A 1 



(2.23) 
(2.24) 



where 



A = {Ti+iT2)~2iT3C+{Ti--iT2)e, A+ = -iT^ + {T^ - iT2)C. (2.25) 
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Hence the spectrum of A is s-independent, giving the associated algebraic curve 

det(r/ + A) = (2.26) 

whose coefficients are the constants of motion associated with the dynamical system 
( 2.20 ). It can be shownEj that this curve is again the same spectral curve that we 
have met twice already. 

The power of the ADHMN construction may be demonstrated by considering 
the case fc = 1. In this case each Nahm matrix is just a purely imaginary function of 
s, so the solution of Nahm's equation ( 2.20| ) is simply that each of these functions 
must be constant. Thus the required Nahm data is simply Tj = —iai/2, where the 
three real constants Oj determine the position of the monopole to be x = (oi, 02, 03). 
To construct a monopole at the origin the Nahm data is thus = and since this 
monopole is spherically symmetric we can simplify the presentation by restricting 
to the xs-axis by setting x = (0, 0, r). 

Writing v = (wi, W2)* then the 2x2 system (2.21) becomes the pair of decoupled 
equations 

dwi r dw2 r 

which are elementary to solve as 

lui = cie-'''/'^, W2 = cap/^/^ (2.28) 

where ci and C2 are arbitrary constants. 

An orthonormal basis vi, V2, with respect to the inner product ( 2.22| ), is obtained 
by the choice 

cl = 0, c| = r/(e2'- - 1) for Vi (2.29) 
cl = 0, c2 = r/(l - e-^*-) forv2. (2.30) 

Note that a different choice of orthonormal basis corresponds to a different choice 
of gauge for the monopole fields. In the gauge we have chosen <i> ~ iipa^ where 

. H(. - D^.rv.) ^ ^ f (. - r>e- - (.31, 



which reproduces the expression (l.£). 

After a suitable orientation the Nahm data of a 2-monopole has the form 

with corresponding spectral curve 

v' + 7 ((/i - /I) + (2/f + 2/1 - 4.me + if! flK') = 0. (2.33) 
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With this ansatz Nahm's equation reduces to the Euler top equation 

f- = f2h (2.34) 
as 

and cyclic permutations. The solution satisfying the appropriate Nahm data bound- 



ary conditions isl 



iS 



^ _ KMKs) K ^ _ KcnjKs) 

sniKs) ' MKs)' sniKs) ^ '^^^ 

where sn(u), cn(u), dn(it) denote the Jacobi elliptic functions with argument u and 
parameter m, and, as earlier, K is the complete elliptic integral of the first kind 



with parameter m. Substituting these expressions for fi into the curve (2.32) and us 



ing the standard identities sn (u) + cn (u) — 1 and msn {u)+dn{u) = 1 we once 



again obtain the 2-monopole spectral curve ( 2.12 ). 

The fact that the spectral curve of a fc-monopole has genus {k — 1)^ means that 
Nahm's equation, whose flow is linearized on the Jacobian of this curve, can be 
solved in terms of theta functions defined on a Riemann surface of genus (fc — 1)^. 
For k = 2 then the curve is elliptic, which explains why the general solution of 
Nahm's equation can be obtained in terms of elliptic functions and why the pa- 
rameters in the spectral curve are obtained in terms of elliptic integrals. However, 
for fc > 2 it appears a very difficult task to attempt to express the general solu- 
tion of Nahm's equation in terms of theta functions and then try and impose the 
required boundary conditions necessary to produce Nahm data. This is the underly- 
ing mathematical obstruction which has prevented the general 3-monopole solution 
from being constructed, or even its spectral curve. 

Nonetheless, there are simplifying special cases where extra symmetry of the 
monopole means that progress can be made. In such symmetric cases, where the 
monopole has some rotational symmetry given by a group G C 15*0(3), then it is 
not the genus of the spectral curve S which is the important quantity, but rather 
the genus g of the quotient curve S~S/G.lig<2 then the situation is greatly 
simplified and there is a hope of some form of construction (either the monopole 
fields, Nahm data or spectral curve) in terms of, at worst, elliptic functions and 



integrals. The axially symmetric fc-monopoles for fc > 2, given by (2.14) and ( 2.15| ), 



are such examples and we shall see some other recent examples in Section 3, where 
G is a Platonic symmetry group. 

By making use of the Nahm transform, Donaldsoni was able to prove that the 
monopole moduli space Alt is diffeoniorphic to the space of degree fc based rational 
maps R : CP^ i-^ CP^. Explicitly, Donaldson showed how every fc-monopole gives 
rise to a unique rational map 

where q{z) is a monic polynomial of degree fc in the complex variable z and p{z) is 
a polynomial of degree less than fc, with no factors in common with q{z). 
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To understand this diffeomorphism better it is useful to follow the analysis of 



HurtubiscE3. We have already noted that a study of Hitchin's equation (2.16) along 
a line shows that there are two independent solutions with a basis (vq, vi) consisting 
of solutions which are respectively bounded and unbounded as u, the coordinate 
along the line, tends to infinity. In addition we introduced the basis {vq,v[) of 
bounded and unbounded solutions in the opposite direction u ^ — oo. Now fix a 
direction in ]R^, which gives the decomposition 

^ C X R. (2.37) 

For convenience, we choose this direction to be that of the positive is-axis and 
denote by z the complex coordinate on the a;ia;2-plane. Thus the coordinate u in 
the above analysis of Hitchin's equation ( ^.16 ) is now x^. The approach of Hurtubise 



is to consider the scattering along all such lines and write 



v'o = a{z)vo + biz)vi, (2.38) 
vq = a'{z)vo + b{z)v[. (2.39) 



The rational map is then given by 

Riz) = (2.40) 
b{z) 

Furthermore, since the spectral curve S{r], C) of a monopole corresponds to the 
bounded solutions of ( 2.16| ) then 



5(2) = 5(z,0). (2.41) 
Finally, it can be shownB that the full scattering data is given by 

(2.42) 



where 



a 


b 








-a' 








aa' 


= 1 + b'b. 





(2.43) 



The advantage of rational maps is that monopoles are easily described in this 
approach, since one simply writes down any rational map. The disadvantage is 
that the rational map tells us very little about the monopole. In particular, since 
the construction of the rational map requires the choice of a direction in TR^ it 
is not possible to study the full symmetries of a monopole from its rational map. 
However, the following isometrics are knownEJ. Let A e U{1) and v £ (C define a 
rotation and translation respectively in the plane (D . Let x € IR define a translation 
perpendicular to the plane and let fi S U{1) be a constant gauge transformation. 
Under the composition of these transformation a rational map R{z) transforms as 

R{z) ^ ^?e^''\-'^^R{\-^{z - v)). (2.44) 
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Furthermore, under the reflection i-^ —x^, = p{/^)/Qiz) transforms as 

P{z) , , I{p){z) 
q{z) q{z) 



(2.45) 



where I{p){z) is the unique polynomial of degree less than k such that {I{p)p)(z) — 1 
mod q{z). 

Some information regarding the monopole configuration can be determined from 
the rational map in special cases, corresponding to well-separated monopoles. 

Bielawskiill has proved that for a rational map p{z)/q{z) with well-separated 
poles /?! , . . . , /3fc the corresponding monopole is approximately composed of unit 
charge monopoles located at the points {xi,X2,x^), where xi + 1x2 = Pi and x^ ~ 
^ log This approximation applies only when the values of the numerator at 

the poles is small compared to the distance between the poles. 

For the complimentary case of monopoles strung out in well-separated clusters 
along (or nearly along) the xs-axis, the large z expansion of the rational map R(z) 



isi 



^W-^I- + ;2rTM+- (2-46) 

where L is the charge of the topmost cluster with x its elevation above the plane 
and M is the charge of the next highest cluster with elevation y. 

On a technical point, it_is often convenient to restrict to what are known as 
strongly centred monopolesEa, which roughly means that the total phase is unity 
and the centre of mass is at the origin. More precisely, in terms of the rational map 
a monopole is strongly centred if and only if the roots of q sum to zero and the 
product of p evaluated at each of the roots of q is equal to one. 

Although this rational map description of monopoles is very useful, particularly 
as a convenient description of the monopole moduli space, it does suffer from the 
drawback of requiring a choice of direction in IR'^, which is not helpful in several 
contexts. Atiyah has suggested that a second rational map description might exist, 
in which the full rotational symmetries around the origin of are not broken, 
and indeed this has recently been confirmed by JarviaSj. To construct the Jarvis 



rational map one considers Hitchin's equation ( 2.16| ) along each radial line from 
the origin to infinity. The coordinate u is now identified with the radius r and as 
we have already seen there is just one solution, with basis uq, which is bounded 
as r ^ cx). Writing VQ{r) = (wi(r), W2(r))* then define J to be the ratio of these 
components at the origin ie. J = Wi(0)/w2{0)- Now take z to determine a particular 
radial line, by giving its direction as a point on the Riemann sphere. Then, in fact. 



J is a holomorphic function of z, since by virtue of the Bogomolny equation (1.7) 
the covariant derivative in the angular direction, Dg, commutes with the operator 
Dr — i^ appearing in Hitchin's equation ( 2.16| ). It can be verified that J is a rational 



function of degree k so that we have a new rational map J : (DP^ i— > CP^. Note that 
the Jarvis rational map is unbased, since a gauge transformation replaces J by an 
SU{2) Mobius transformation determined by the gauge transformation evaluated 
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at the origin. Thus the correspondence is between a monopole and an equivalence 
class of Jarvis maps, where two maps are equivalent if they can be mapped into 
each other by a reorientation of the target Riemann sphere. In Section 3 we shall 
see some explicit examples of Jarvis maps corresponding to symmetric monopoles. 

3. Platonic Monopoles 

In the last Section we commented on how the construction of monopoles can be 
simplified by restricting to special symmetric cases. In this Section we discuss in 
detail some particular examples of this, where the symmetry group G is Platonic 
ie. tetrahedral, octahedral or icosahedral. 

The first issue to confront is how to impose a given symmetry in the monopole 
construction and this is most easily discussed in terms of the spectral curve ap- 
proach. Recall that in terms of the coordinates (77, C) on TT the lines through the 
origin are parameterized by C, with 77 = 0. An S'0(3) rotation in IR'^ acts on the 
Riemann sphere coordinate via an SU{2) Mobius transformation and since 77 is the 
coordinate in the tangent space to this Riemann sphere then it transforms via the 
derivative of this Mobius transformation. For example, rotation through an angle 
(j) around the a;3-axis is given by 

i?^:(^,C)-(ry',C') = (e^^,e^^C). (3.1) 

A monopole is symmetric under a symmetry group G if its transformed spectral 
curve S{ri',(') = is the same as its original curve S{r]X) = 0, for all Mobius 
transformations corresponding to the elements of G. For example, it is now clear 
that the spectral curves ( ^.14 ) and ( ^.15 ) describe monopoles which are axially 



symmetric, since they are invariant under the transformation (3.1) for all 0, due to 
the fact that these curves are homogeneous in the twistor coordinates. 

It is thus straightforward to write down, for example, that the candidate axially 
symmetric 2-monopole spectral curve has the form 

77^ + aC^ (3.2) 



where a is real due to the reality constraint (2.19). However, symmetry alone gives 
no information regarding the possible values (if any) of a. _Xhis is determined by 
the non-singularity condition which can be analyzed directlytS or, more easily, using 
the ADHMN formulation as detailed in the previous Section. Either way, the result 
that a — 7r^/4 is obtained, which also proves the non-existence of a spherically 
symmetric 2-monopole, which would require a = 0, to be invariant under all SU{2) 
Mobius transformations. 

It is certainly not obvious what symmetry to attempt to impose in order to simz 
plify the monopole construction, but the proposal by Hitchin, Manton & MurrayrJ 
to consider Platonic symmetries turns out to be a very fruitful one . Its motivation 
lies with some numerical work of Braaten, Townsend and Carsona on another kind 
of topological soliton, the Skyrmion, where it was found that Skyrmions of charge 
three and four appear to have tetrahedral and cubic symmetry respectively. 
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Let us first consider the tetrahedral case, G — Td- One way to proceed would 
be as described above, that is, to write down the generators of Td, compute the 
associated SU{2) Mdbius transformations and hence derive the form of the invariant 
polynomials which are allowed in the candidate spectral curve. However, there is 
a short cut available, since the result which one would obtain by this rnethod is 
precisely the computation of the invariant tetrahedral Klein polynomialEj. The 
Klein polynomials associated with a Platonic solid are the polynomials obtained by 
taking either the vertices, faces or edges of the solid, projecting these onto the unit 2- 
sphere and computing the monic polynomial whose complex roots are exactly these 
points, when thought of as points on the Riemann sphere. These Klein polynomials 
are all listed in ref.Ej and of relevance to the tetrahedral case is 



% = C(C' - 1) (3.3) 

which is the edge polynomial of a (suitably oriented) tetrahedron. Note that this 
polynomial should really be thought of projectively as a degree six polynomial with 
one root at infinity. The other two tetrahedral Klein polynomials 

T„ J = ± 2V3zC^ + 1 (3.4) 

corresponding to vertex and face points, are not appropriate in this case since they 
are not strictly invariant, as they pick up a multiplying factor under some of the 
tetrahedral transformations. 

From the restriction that the coefficients ar(C) in the general curve ( ^.18| ) must 
be a polynomial of maximum degree 2r, then it is clear that in order to be able to 



accommodate the tetrahedral term (3^) requires fc > 3. Hence the smallest charge 



candidate tetrahedral spectral curve is the charge three curve 

ri^ + iC3% = (3.5) 

where C3 is a real constant to satisfy reality. The determination of the possible (if 
any) values of C3 that are allowed by non-singularitvis a more difficult problem, to 
which we shall return shortly, but the result is thatL3 

r(i/6mi/3)3 

^ ^ 48V3.3/2 (^-^^ 

where the ± corresponds to the tetrahedron and its dual. This proves the existence 
and uniqueness, up to translations and rotations, of a tetrahedrally symmetric 3- 
monopole. We shall study this monopole and other symmetric examples in more 
detail at the end of this Section. 

Turning now to the octahedral group G = Oh, the relevant Klein polynomial is 
the face polynomial of the octahedron 

Of = C^ + UC^ + l. (3.7) 
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Since this is a degree eight polynomial then the charge is required to satisfy fc > 4, 
with the smallest charge case having the form 

T]'^ + C4Of = (3.8) 

for C4 real. Again a non-singularity investigatiorS reveals the unique value" 

3r(V4)« 

- 10247r2 • ^^-^^ 
There is also a unique octahedrally symmetric S-monopoleS given by° 

rf +4:Cir]Of ^0. (3.10) 

In the icosahedral case, G = Ih, all the Klein polynomials are strictly invariant, 
thus the smallest degree polynomial to use is the icosahedron vertex polynomial 

I. = C(C'" + iiC'-i). (3.11) 

This implies that fc > 6 so the smallest charge candidate is 

if + C6lv^0. (3.12) 

However, it is rather surprising to find0 that there are no allowed values of cg 
compatible with non-singularity and hence no icosahedrally symmetric monopoles 
exist with fc < 6. 

A unique icosahedrally symmetric 7-monopolc does existH with 

+ crvl. = 0, where cj = r(l/6)^r(l/3)6 ^ 

For the case of the axially symmetric 2-monopole we have seen that the simplest 
method of determining the value taken by the constant in the spectral curve is 
through the computation of the Nahm data, from which the spectral curve can be 
read off using_( 2.26| ). By a simple application of the Riemann-Hurwitz formula it 



can be shownEiJ that in all the Platonic examples given above the quotient curve S = 
S/G is elliptic. Thus the corresponding reduction of Nahm's equation is solvable 
in terms of elliptic functions and this provides the easiest method of computing the 
spectral curve coefficients. 

With this aim in mind we need to formulate an algorithm for constructing Nahm 
d ata invariant under any discrete symmetry group G C 5*0(3). This is explained 
ir£3c3 and we review it below. 

The Nahm matrices are traceless, so they transform under the rotation group 

as 

3(g)s;(fc) = 3(g) ( 2fc - 1 @ 2fc - 3 ® . . . ® 3) 

^ ( 2fc + 1 ., ® 2fc - 1 _ ® 2fc - 3, ) ® ■ ■ ■ 
•■■ ®( 2r + 1 ^, ® 2r - 1 ^ @ 2r - 3 ,) ® . . . ® (5,. ® 3,. ® L) 
(3.14) 

"In refs. there is a factor of 16 error. 
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where r denotes the unique irreducible r-dimensional representation of su{2) and the 
subscripts u, m and I (which stand for upper, middle and lower) are a convenient 
notation allowing us to distinguish between (2r + l)-dimensional representations 
occurring as 

3(8) 2r- 1 ^ 2r + l ^, ® 2r-l ^® 2r-3 ,, 
3 (g) 2r + 1 = 2r + 3 ^, ® 2r + l ^® 2r-l, 



and 



3 2r + 3 ^ 2r + 5 ^, e 2r + 3 ^® 2r+l ,. 



We can then use invariant homogeneous polynomials over (DP^, that is we use 
the homogeneous coordinates Ci/Co = d to construct G-invariant Nahm triplets. 

The vector space of degree 2r homogeneous polynomials a2rCi'^ + «2r-iCi'"~"'^Co + 
. . . + aoCo'^ is the carrier space for 2r + 1 under the identification 

where X, Y and H are the basis of su{2) satisfying 

[X, Y] = H, [H, X] = 2X, [H, Y] = -2Y. (3.16) 

Up{(o, Ci) is a G-invariant homogeneous polynomial we can construct a G-invariant 
2r_+J_^ charge k Nahm triplet by the following scheme. 

(i) The inclusion 

2r + 1 ^ 3 2r - 1 ^ 2r + 1 ., ® 2r - 1 ^ ® 2r - 3 , (3.17) 

X* Tit t * ' 

is given on polynomials by 

MCo,Ci) ^ <^Pii(Co,Ci) +2^o6 ®Pio(Co,Ci) +^0 <»Poo(Co,Ci) (3.18) 
where we have used the notation 

Pab{Co,Ci) = j^{Co,Ci). (3.19) 

(ii) The polynomial expression^^(8)pii(Co, Ci)+2^o60Pio(Co, Ci)+^o®Poo(Co, Ci) 
is rewritten in the form 

ei 9ii(Co J-)cr + (^0^)^? ® aio(Co^)cr + k^o^m ® 9oo(Co J-)cr- 

CCi o?! CCi 2 C^i aCi 

(3.20) 

(iii) This then defines a triplet oi k x k matrices. Given a. k x k representation 
of X, Y and H above, the invariant Nahm triplet is given by: 

{S[,S'^,S'^) = (gn(adr)X^5lo(adr)X^goo(adr)X'-), (3.21) 
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where adY" denotes the adjoint action of Y and is given on a general matrix M by 
adYM = [M,y]. 

(iv) The Nahm isospace basis is transformed. This transformation is given by 



{Si,S2, S3) = {-S[ + S'3,--S[ + iS^, -iS'2). 



(3.22) 

Relative to this basis the S'0(3)-invariant Nahm triplet corresponding to the 1; 
representation in (3.14) is given by (pi,P2,P3) where 

Pi=X-Y, p2= i{X + F), p3 = iH. (3.23) 

It is also necessary to construct invariant Nahm triplets lying in the 2r + 1 ^ 
representations. To do this, we first construct the corresponding 2r_fJ_^ triplet. 
We then write this triplet in the canonical form 



[co + ci(adr (g) 1 + 1 (g) adF) + 



+ c, (adr 1 + 10 ady)^ (3.24) 
+ C2r(adr 1 + 10 adr)^''] X®X'' 



and map this isomorphically into 2r_+J_,^ by mapping the highest weight vector 
X X"^ to the highest weight vector 

1 



X adrx''+i 



-&dYX X' 



1 



(3.25) 



As an example, applying this scheme to determine charge seven Nahm data 
with icosahedral symmetry, we take the icosahedron vertex polynomial (3.11) in 
homogeneous form 

i. = C"Co + iiCfCo'-CiCo"- 

This leads to an icosahedrally invariant Nahm triplet 



Ti{s) = x{s)pi + z{s)Zi 



(3.26) 
(3.27) 



where 
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and the basis has been chosen in which 



(3.28) 



X = Y* = 



H = 


diag(6,4,2,0,-2, 


-4,- 


-6) 
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(3.29) 



(3.30) 



Substitution of the Nahm data ( 3.27 ) into Nahm's equation ( 2.20 ) 
reduced equations 



dx 
ds 
dz 

ds 

with corresponding spectral curve 



2x^ - 750^2 
-10x2 + goz^ 



produces the 
(3.31) 



where 



77'' + cjrjiy = 
C7 = 552960(14a;z - 175z^){x + 5zf 



is a constant. 

These equations have the solution 

2k 

T 

K 

^35 



x{s) 
zis) 



3y/p{2Ks) 

\/ p(2ks) + 



p'{2ks) 



4p(2«;s) 
p'{2ks) 



2p{2Ks) 



where p{t) is the Weierstrass function satisfying 



P 



4(p^ - 1) 



and to satisfy the Nahm data boundary conditions k, is the real half 
elliptic function ie. 

r(i/6)r(i/3) 

K = ■;= . 

8V3^ 



(3.32) 
(3.33) 

(3.34) 
(3.35) 

(3.36) 
period of this 

(3.37) 
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Then 



6 r(i/6)6r(i/3)^ 



C7 = 110592k'' = ^ ' ' — ^-^^ (3.38) 

and we obtain the icosahedraUy symmetric 7-monopole spectral curve ( 3.13| ). 

In a similar way the Nahm data and spectral curves of the other Platonic 
monopoles given earlier can be computed. Once the Nahm data is known it would 
be nice to complete the linear part of the ADHMN construction and derive the 
monopole gauge fields explicitly. However, the form of the Nahm data in these 
examples is sufficiently complicated that the explicit solution of equation (2.21) 
appears a difficult task. Fortunately, a numerical solution of this equation and a 
subsequent numerical implementation of the linear part of the ADHMN construc- 
tion can be achievecO, to display surfaces of constant energy density. 

In Fig.l we display surfaces of constant energy density (not to scale) for the four 
Platonic monopoles discussed in this Section. 

We see that each of the monopoles resembles a Platonic solid (tetrahedron, cube, 
octahedron and dodecahedron for /c = 3, 4, 5, 7 respectively) with the energy density 
taking its maximum value on the vertices of this solid. 

It is interesting to ask where the zeros of the Higgs field occur. We know from 
the general discussion in Section 1 that the number of Higgs zeros, when counted 
with multiplicity, is k. Consider then, for example, the tetrahedral 3-monopole. It is 
clear that the only way to arrange three points with tetrahedral symmetry is to put 
all three points at the origin. Thus if the tetrahedral monopole has three zeros of 
the Higgs field then they must all be at the origin, as in the case of the axisymmetric 
3-monopole. This would be a little intriguing, but the true situation is even more 
interesting. In fact, by examining the Higgs field from the numerical ADHMN 
construction, it transpires that there are five zeros of the Higgs ficldEZl. There are 
four positive zeros (ie. each corresponding to a local winding of +1) on the vertices 
of a regular tetrahedron and an anti-zero (ie. corresponding to a local winding 
of —1) at the origin. Here a local winding at a point is defined as the winding 
number of the normalized Higgs field, ^/H^H, on a small 2-sphere centred at this 
point. This integer winding number counts the number of zeros of the Higgs field, 
counted with multiplicity, inside this 2-sphere and thus, by definition, the sum of 
these local windings around all Higgs zeros must equal k. Therefore the tetrahedral 
3-monopole is a solution in which the Higgs field has both positive multiplicity and 
negative multiplicity zeros but nonetheless saturates the Bogomolny energy bound. 
This is a recently discovered new phenomenon for monopoles which is still not fully 
understood. 

One possible approach to investigating this interesting nhenomenon may be to 
examine analogous cases for monopoles in hyperbolic spacesEa. Just as monopoles in 
H'^ may be interpreted as self-dual gauge fields in IR^ with a translation invariance, 
then hyperbolic monopoles may be identified as self-dual gauge fields which are 
invariant under a circle action. To be topologically correct one should really consider 
the self-dual gauge fields to be defined in the compactification of K'* to S^, then 




Fig. 1. Energy density surfaces for a) Tetrahedral 3-monopole; b) Cubic 4^monopole; c) Octahedral 
5-monopole; d) Dodecahedral 7-monopole. 
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a circle action leaves invariant an S'^. A subclass of self-dual gauge fields can be 
obtained from the Jackiw-Nohl-Rebbi ansata^j, which, to determine an rt-instanton, 
requires a choice of rt + 1 points in together with n + 1 weights. By choosing 
equal weights and placing the points suitably in the invariant , we could construct 
symmetric hyperbolic monopoles. For example, taking n — 3 and placing the four 
points on the vertices of a regular tetrahedron in the invariant a tetrahedrally 
invariant hyperbolic monopole can be computed. The advantage of working with 
hyperbolic monopoles is that the Jackiw-Nohl-Rebbi instanton has a simple and 
explicit form, so that it should be possible to derive an explicit expression for the 
hyperbolic monopole fields. With such an explicit expression it may be possible 
to understand the monopole fields better and hopefully learn something about the 
Euclidean case. 

An examination of the other Platonic monopoles revealsCj that in some cases 
these extra anti-zeros are present and in others they are not. In Section 4, when we 
investigate monopole dynamics, we shall discuss some aspects of these extra Higgs 
zeros. 

After the existence of these Platonic monopoles was proved in the above way, 
using the Nahm transform, the new rational map correspondence of Jarvis, which 
we discussed in Section 2, was proved. This allows a much easier study of the 
existence of monopoles with rotational symmetries, since there are no differential 
equations which need to be solved. Recall that the Donaldson rational map is of 
no use in tackling this problem, since it requires the choice of a direction in TR^ , 
thereby breaking the rotational symmetry of the problem. 

A Jarvis map, J : CP^ i-^ (DP^, is symmetric under a subgroup G C SO{3) if 
there is a set of Mobius transformation pairs {g,Dg} with g £ G acting on the 
domain and Dg acting on the target, such that 

J{g{z)) = DgJ{z). (3.39) 

where the transformations {Dg} form a 2-dimensional representation of G. 

The simplest case is the spherically symmetric 1-monopole, given by J = z. The 
axially symmetric fc-monopole, with symmetry around the xs-axis, has the Jarvis 
map J = z^, for k>2. 

As a more complicated example, let us construct the Jarvis map of a tetrahe- 
drally symmetric 3-monopole and hence prove its existence. 

To begin with, we can impose 180° rotation symmetry about all three Cartesian 
axes by requiring the symmetries under z t—^ —z and z i-^ 1/z as 

J(-z) = -J(z) and J{l/z) = l/J{z). (3.40) 

When applied to general degree three rational maps this can be used to restrict to 
a one-parameter family of the form 



(3.41) 
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with c complex. The easiest way to find the value of the constant c for tetrahedral 
symmetry is to examine the branch points of the rational map, which must be 
invariant under the tetrahedral group. These are given by the zeros of the numerator 
of the derivative 

dJ_ _ -c(^" + (c-3/e)z^ + l) 

dz~ z^z^-cY ■ ^ ' 

By comparison of the numerator with the vertex and face Klein polynomials of the 



tetrahedron Tyj, given by (3.4), it is clear that tetrahedral symmetry results only 
if c = ±iV3. It can be checked that only for these two values is the remaining 120° 
rotation symmetry of the tetrahedron attained as 

jf ^i±l) = ^^(f)±l. (3.43) 

In a similar manner the Jarvis maps of the other Platonic monopoles can be 
constructed. These maps, together with many other symmetric maps, can be found 
in ref.cil. In particular, a monopole corresponding to the remainine_Platonic solid, 
the icosahedron, is shown to exist for k = 11, as conjectured in ref.E3. 

The simplicity of the construction of Jarvis maps for Platonic monopoles, as 
compared to the computation of their Nahm data, is clearly evident. However, if 
more detailed information regarding the monopole is sought, such as the distribution 
of energy density or zeros of the Higgs field, then the ADHMN construction is still 
the most efficient approach— In principle it is possible to construct the monopole 
fields from the Jarvis mapE3, but this requires the solution of a nonlinear partial 
differential equation that is just as difficult to solve as the original Bogomolny 



equation (1.7). It is thus not as effective as the ADHMN construction, which reduces 
the problem to the solution of ordinary differential equations only. Nonetheless, for 
cases in which the Nahm data is not known the construction of monopoles from the 
Jarvis map is more appealing than a direct solution of the Bogomolny equation, 
even when both need to be implemented numerically, since it allows an elegant 
specification of exactly which monopole is to be constructed. 

4. Dynamics and Moduli Space Metrics 

So far we have discussed only static monopoles, which are solutions of the Bogo- 



molny equation (1.7). As we have seen this equation is integrable, which for the 
present case we shall take to mean that it has a twistor correspondence. Unfor- 
tunately the full time-dependent field equations which follow from the Lagrangian 



(1.1) are not integrable and so we do not expect to be able to solve this equa- 
tion explicitly, or apply a twistor transform, to investigate monopole dynamics. 
However, progress can be made on the study of slowly moving monopoles by ap- 
plying Manton'srnoduli space approximation (sometimes also called the geodesic 
approximation)L3. 

The moduli space approximati on w h ich can also be applied to the dynamics of 
other kinds of topological solitonsl3oE3cj'EZl, was first proposed for the study of 
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monopolcscZl. Here one assumes that the fc-monopole configuration at any fixed time 
may be well-approximated by a static /c-monopole solution. The only time depen- 
dence allowed is therefore in the dynamics of the 4fc-dimcnsional /c-monopole moduli 
space Alfe. A Lagrangian on A^/j is inherited from the field theory Lagrangian ( |1.1| ), 
but since all elements of A^fc have the same potential energy the kinetic part of the 
action completely determines the dynamics. It defines a metric on Mk and the 
dynamics is given by geodesic motion on A^fc with respect to this metric. 

Intuitively one should think of the potential energy landscape in the charge 
k configuration space as having a flat valley given by A^fe, and the low energy 
monopole dynamics takes place in, or at least close to, this valley. A rigorous 
mathematical analys|is of the validity of the moduli space approximation has been 
performed by StuartES. 

In the case of a single monopole the moduli space approximation is rather trivial. 
A4i ~ K'^ X is flat, with constant motion in the M'^ giving the momentum of 
the monopole and constant angular speed in the determining the electric charge 
of the monopole, as mentioned in Section 1. 

To study multi-monopole dynamics, as well as for other reasons which we shall 
see later, it is therefore of interest to find the infitric on M.^. By^ formal appli- 
cation of the hyperkahler quotient constructionc3 it can be shownQ that AI^ is a 
hyperkahler manifold, which means that there are three covariantly constant com- 
plex structures satisfying the quaternionic algebra. The rotational symmetry of 
the system means that there is also an S'0(3) action, which permutes the complex 
structures. Physically, the motion of the centre of mass of the system and the total 
phase decouples from the relative motion, which mathematically means that there 
is an isometric splitting 

Alfe = X X Ml (4.1) 

where A^fe is a /c-fold covering of Al^ and A^^ is the 4(/c — l)-dimensional moduli 
space of strongly centred /c-monopoles. The fact that a /c-fold covering occurs is 
because the k monopoles are indistinguishable. 

The non-trivial structure of the moduli space of 2-monopoles is therefore con- 
tained in the totally geodesic 4-dimcnsional submanifold M\. Using the fact that 
this is a hyperkahler manifold with an 50(3) symmetry, Atiyah & HitchinEl were 
able to reduce the computation of its metric to the solution of a single ordinary dif- 
ferential equation, which can be done explicitly in terms of elliptic integrals. They 
were thus able to explicitly determine the metric on AJ2i which is now known as 
the Atiyah-Hitchin manifold. The easiest way to present the Atiyah-Hitchin metric 
is in terms of the left-invariant 1-forms 



(j\ = — sin tpdd + cos tp sin 9 d(j) (4-2) 
(72 = cos + sin -0 sin 6'(i(/) (4-3) 
0-3 = dip + cos 9d(j) (4.4) 
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where 0, </>, ip are the usual Euler angles. It is given by 



52 

ds^ = j^dK"^ + a^al + 6V| + cV| (4.5) 

= 2K{K - E){E - m'K)/E (4.6) 

6^ ^ 2EK{K - E)/{E ~m'K) (4.7) 

2i;ii:(£; - m'K)/{K - £;) (4.8) 



^2 



where K and denote the complete elliptic integrals of the first and second kind 
with parameter m and m' = 1 — to is the complimentary parameter. 

The coordinate m determines the separation of the two monopoles in the same 



way as appears in the 2-monopole spectral curve (2.12). That is, m = represents 
the axially symmetric 2-monopole (which is referred to as the bolt in the metric 
context) and m — > 1 represents the monopoles moving off to infinity. 

There is an interesting totally geodesic 2-dimensional submanifold of the Atiyah- 
Hitchin manifold which can be obtained by the imposition of a reflection symmetry. 
This 2-dimensional submanifold is a surface of revolution, which metrically is a 
rounded conoJ. An interesting geodesic is one which passes directly over the cone 
ie. a generator of the surface of revolution. In the moduli space approximation 
this geodesic describes the head-on collision of two monopoles, which pass instanta- 
neously through the axially symmetric 2-monopole and emerge at 90° to the initial 
direction of approach!. This famous right-a ngle scattering of monopoles has now 



been observed in many other systemsc 



right-a ngle scatt 

,m0mliE] 



and appears to be a general 



feature of multi-dimensional topological solitons. 

Another interesting geodesic in the Atiyah-Hitchin manifold was discovered by 
Bates & MontgomerjH. This is a closed geodesic and thus, within the moduli space 
approximation, describes a bound state of two orbiting monopoles. 

The metric on Al^ for fc > 2 is unknown and its difficulty of computation is 
related to the earlier comment that there is an associated algebraic curve of genus 
(k — 1)^, which is therefore no-longer simply elliptic. However, some recent progress 
has been madaxfigarding the computation of the metric on certain totally geodesic 



submanifoldsBoea oi M^. In order to describe these results we now turn to a 
consideration of the moduli space metric in terms of the Nahm transform. 

The discussion of the ADHMN construction in Section 2 was presented in terms 
of Nahm data consisting of three Nahm matrices (Ti, Ts), but in order to discuss 
the metric we must, following DonaldsorJj, introduce a fourth Nahm matrix Tq. 
Then we have that charge k monopoles are equivalent to Nahm data (Tq, Ti, T2, T3), 
which satisfy the full Nahm equations 



^ + [ro,T,] = ie,,fe[r,-,Tfe] z = 1,2,3. (4.9) 



The Nahm data conditions remain the same as before, but are supplemented by the 
requirement that Tq is regular for s £ [0, 2]. 
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Let H be the group of analytic su(fc)-valued functions for s G [0, 2], which 
are the identity at s = and s = 2 and satisfy h*-{2 — s) = h^^{s). Then gauge 
transformations h & H act on Nahm data as 

To ^ hToh-^ - ^h~^, T, ^ hT,h-^ i = 1, 2, 3. (4.10) 

as 

Note that the gauge Tq = may always be chosen, which is why this fourth 
Nahm matrix is usually not introduced. However, when discussing the metric on 
Nahm data we need to consider the action of the gauge group and so this extra 
Nahm matrix needs to be kept. 

To find the metric on the space of Nahm data a basis for the tangent space 



needs to be found, by solving the linearized form of Nahm's equation (O). Let 
(Vb, Vi, F2, V3) be a tangent vector corresponding to the point with Nahm data 
(To, Ti, Ts). It is a solution of the equations 



ds 

and 



^ + [^0, T,] + [To, = e,,k[Tj,Vk] i = 1, 2, 3 (4.11) 



3 



^+^[T,y.]=0 (4.12) 



where Vi, i = 0,1,2,3, is an analytic SM(fc)-valued function of s e [0,2]. If Wi 
is a second tangent vector then the metric component corresponding to these two 
tangent vectors is defined as 

<V,,W,>=- y2tY{V^W^)ds. (4.13) 

Nakajimaii has proved that the transformation between the monopole moduli 
space metric and the metric on Nahm data is an isometry. Therefore it is in principle 
possible to compute the metric on the monopole moduli space if the corresponding 
Nahm data is known. For example, by using the known 2-monopole Nahm data. 



(2.32) with (2.35), the tangent vectors can be found explicitly in terms of elliptic 



functions and the resulting integrals in (4.13) performed in terms of complete elliptic 



integrals to recover the Atiyah-Hitchin metric (|4.5| ). 

Given the above discussion it is therefore of interest to look for families of sym- 
metric monopoles corresponding to totally geodesic submanifolds of A^°, where 
the Nahm data can be found explicitly in terms of elliptic functions. We shall re- 
fer to such submanifolds as elliptic. It is then possible that the metric on elliptic 
submanifolds can be computed exactly, in terms of elliptic integrals. 

It can be shownll that there is a 4-dimensional submanifold of strongly centred 
3-monopoles which are symmetric under the inversion x — x. Since the fixed point 
set of a group action is always totally geodesic, then this is a 4-dimensional totally 
geodesic submanifold of A^g. The corresponding Nahm data is a generalization of 
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the 2-inonopole Nahm data ( ^.32 ) where the same functions ( 2.35| ) occur but the 
matrices which form the spin i representation of su{2) are replaced by those of the 
spin 1 representation. The upshot of this is that the only modification which arises 
in the computation of the metric from the Nahm data is the overall multiplication 
by a constant. Thus, after checking that rotations act in the same way as before, 
this proveS that this submanifold is a totally geodesic Atiyah-Hitchin submanifold 
of Mg. 

Physically, the three monopoles are coUinear, with the third monopole fixed at 
the origin and the other two behaving in an Atiyah-Hitchin manner, as if they do 
not see this third one. Simultaneously with this discovery BielawskiEfl found the 
same result using the hyperkahler quotient construction and also showed that it 
generalizes to a totally geodesic Atiyah-Hitchin submanifold of Ml, for all k > 2, 
corresponding to a string of k equally spaced coUinear monopoles. The Nahm data 
in each case is again obtained by replacing the spin i representation of su{2) by 
the spin (fc — l)/2 representation, but the submanifold can not be obtained as the 
fixed point set of a group action. However, the fact that it is totally geodesic can be 
deduced from the knowledge that it is a hyperkahler submanifold of a hyperkahler 
manifold. Note that once the manifold is shown to have an Atiyah-Hitchin subman- 
ifold then it is guaranteed to possess a closed geodesic describing a bound state of 
k monopoles, since it is merely the inherited Bates & Montgomery geodesic in A^2- 

A geodesic in A/f^ can be obtained by the imposition of tetrahedral symmetry 
on 4-monopolestJ. This l-dimensional submanifold is elliptic, allowing the com- 
putation of the associated Nahm data, which can be used to study th e sca ttering 
of 4-monopolegE3 and also the calculation of the l-dimensional metricE^lEll. This 
family obviously includes the cubic 4-monopole and thus via the moduli space ap- 
proximation it describes the scattering of four monopoles which pass through the 
cubic configuration. In Fig. 2 we display surfaces of constant energy density at in- 
creasing times throughout this process. It can be seen that four monopoles approach 
from infinity on the vertices of a contracting regular tetrahedron, coalesce to form 
a configuration with instantaneous cubic symmetry and emerge on the vertices of 
an expanding tetrahedron dual to the incoming one. Note that in the above exam- 
ple it is not necessary to know the metric in order to determine the trajectories of 
the monopoles. This is because an application of a symmetry resulted in a totally 
geodesic l-dimensional submanifold, which by definition is a geodesic. Thus the 
metric only determines the rate at which motion takes place along the geodesic and 
is not needed to determine the form of the motion. 

This observation is useful and suggests the scheme of searching for appropriate 
symmetry groups G, for various charges k, so that the moduli space of G-symmetric 
A:-monopoles is l-dimensional, thus furnishing a geodesic. 

Searching for symmetric monopoles using the ADHMN construction is not a 
simple task, since in each case it relies upon a careful study of solutions to Nahm's 
equation. Furthermore, unless the submanifold in question is elliptic, it is unlikely 
that this will be a tractable problem. However, using rational maps it is a much 




onfy symmetries which preserve this direction can be studied using these maps. 
Nonetheless, it turns out that this stiU provides a substantial collection of interesting 
geodesies. 

The obvious symmetry to impose which fixes a direction is cyclic symmetry and 
the corresponding rational maps were investigated by Hitchin, Manton & Murrayi§. 
Requiring invariance of a fc-monopole under cyclic Ck symmetry and an additional 
reflection symmetry, leads to a number of geodesies, S^, in the A:-monopole moduli 
space Mk- Essentially there are (2fc+3+(— 1)'^)/4 different types of these geodesies, 
corresponding to I = 0,1, ..k/2 if k is even and I ~ 0, — l)/2 if k is odd. 

Physically, for I 0, the associated monopole scatterings are distinguished by 
having the out state (or in state by time reversal) consisting of two clusters of 
monopoles with charges k — I and I. This explains why we do not allow I > k/2, 
since this is basically the same scattering event as one of the geodesies with / < k/2. 
If Z = then the monopoles remain in a plane and scatter instantaneously through 
the axisymmetric fc- monopole and emerge with a 7r/fc rotation. In this case if A; = 2 
then this is just the Atiyah-Hitchin right-angle scattering that we have already 
discussed. In fact the case fc = 2 is special, in that the geodesies S2 ^2 
isomorphic, so that there is only this one type of scattering. For all k with I = 
this kind of ir/k scattering is essentially a two-dimensional process and has been 
extensively studied in planar systemsEj. 

For / ^ we see that the scatterings are more exotic, since the clustering of 
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monopoles changes during the scattering process. It can be shownEl that for these 
cases Nahm's equation reduces to the A^j^^-^ Toda chain and the quotient spectral 
curve has genus k — 1. Again this curve is not elliptic (except for the case k — 2 
when the Toda chain is equivalent to the static sine-Gordon equation with the 
appropriate solution being the kink) but perhaps relating the ADHMN construction 
to other well-studied integrable systems may prove fruitful. In fact other aspects of 
the ADHMN construction can alsobe connected with more traditional integrable 
systems, such as Lame equationsE30, and it would be worth while exploring these 
relationships further. 

Even though the Nahm data for these cyclic monopoles has not been found ex- 
plicitlyjt is possible to find an approximation to it and hence display the scattering 
eventsE3. Fig. 3 shows one such example for the geodesic Eg. It shows three individ- 
ual monopoles which lie on the vertices of a contracting equilateral triangle in the 
plane, which merge to instantaneously form the tetrahedral 3-monopolc and finally 
split to form a charge two torus and a single monopole moving apart along an axis 
orthogonal to the plane of the incoming monopoles. 

Another class of symmetries which it is worth investigating using Donaldson 
maps are the twisted cyclic symmetries obtained by the composition of a rotation 
with a reflection in a plane orthogonal to the axis of rotation. Geodesies can be 
obtained in this wayEII which describe monopoles scattering through all the Platonic 
configurations discussed earlier. In the simplest case of 3-monopolcs with a twisted 
90° rotation symmetry the corresponding geodesic is elliptic and the Nahm data 
has been computed exactly. Explicitly the one-parameter family of spectral curves 
is given by 

T]^ ~ 6(a2 -I- ^(ifl^K^^C^ -I- 2ir?a{(,^ - C) = 0, (4.14) 
(e — ±1), where k is the real half-period of the elliptic curve 

y2 ^ - 3(a2 + 4e)2/3x -I- 4e. ^^/^^^^^^ 

This includes the tetrahedral 3-nionopole and its dual (a — ±2,e = — 1), the ax- 
isymmetric 3-monopole (a = 0, e = —1) with symmetry axis 0:3, and asymptotically 
(a — > 0, e = 1) describes three coUinear monopoles which lie along the xs-axis. 

As mentioned earlier, some of the above included configurations have spurious 
anti-zeros of the Higgs field, while some do not, such as the well-separated limit. 
Thus there must be special 'splitting points' at which anti-zeros appear, or disap- 
pear. In this example it seems that these 'splitting points' occur at a = ±-\/8, e = — 1 
and a = 0, e = —1, which are all the points where the discriminant of the elliptic 



curve (4.15) vanishes, so that the curve is rational. The motioii_pf the zeros and 
anti-zeros throughout this scattering is discussed in detail in ref.EZl. 

The recently introduced Jarvis maps, which we reviewed in Section 2, are much 
better for identifying geodesies obtainable by symmetry considerations. Some ex- 
amples are given in refJij, such as an interesting scattering process involving seven 
monopoles which pass through two dodecahedra and a cube. 
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Fig. 3. Energy density surfaces for cyclic 3-monopole scattering. 



30 



Although the full metric on A^^ is unknown for A; > 2 it is known asynintotically 
on regions which correspond to all the k monopoles being well-separatecS 

First consider the Atiyah-Hitchin metric (4.5) for large monopole separations. 
The asymptotic form can be found by using the standard expansions for elliptic 
integrals as to — > 1. Writing p — 2K, which asymptotically is the separation of the 
two monopoles, it is given by 

ds^ = (^1 - ^) (dp^ + P^d9^ + sin^ edcf^) + 4(^1 - {dip + cosed<i)f. (4.16) 

This is the Taub-NUT metric with a negative mass parameter and is also a hy- 
perkahler metric. It has a singularity at p — 2 but this is not a value for which the 
approximation is valid, since it assumes that p^ 1. Note that ( 4.16 ) also has a U{1) 
symmetry which the Atiyah-Hitchin metric lacks and corresponds physically to the 
conservation of the relative electric charge. Asymptotically the metric is correct up 
to terms which are exponentially suppressed. 

MantonEl pointed out that this asymptotic metric could be derived from a point 
particle approximation, by treating each monopole as a source of electric, magnetic 
and scalar charge. A siniilar calculation for the general charge k case was performed 
by Gibbons & MantoiS and results in the following. For k monopoles located at 
{Pi} with phases {6i} the asymptotic metric is 

ds"^ = 5y dp, • dpj + 9ij^{de, + W,k ■ dpk){dej + W^i ■ dpi) (4.17) 

where • denotes the usual scalar product on H'^ vectors, repeated indices are summed 
over and 

— (no sum over j) (4-18) 
^ j) 

ij (no sum over j) 

Pij = Pi ^ Pj ^-i^d Pij = \Pij\- ^^'^ approximation is valid for ^ 1. The are 
Dirac potentials and are defined by 

curl Wij — grad — (4.19) 

Pij 

where the curl and grad operators are taken with respect to the ith position coor- 
dinate Pj. 

It can be checked, for example, that the metric on the moduli space of tetra- 
hedrally symmetric charge four monopoles, which is known exactly in terms of 
complete elliptic integralsEj, agrees with this formula asymptotically. 
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5. Higher Rank Gauge Groups 
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So far we have dealt only with the case of SU (2) monopoles. The kind of analysis 
we have reviewed can, of course, be extended to more general gauge groups, where 
things usually become more complicated. In this Section wc sketch how the ideas 
and results are modified for SU (N) gauge groups and discuss some special situations 
in which the problem simplifies. 

Recall from Section I that in a gauge theory where the non-abelian gauge group 
G is spontaneously broken by the Higgs field to a residual symmetry group H 
then the monopoles have a topological classification determined by the elements of 

7T2{G/H). 

For G = SU{N) then the boundary conditions at spatial infinity are that $ 
takes values in the gauge orbit of the matrix 

M = idiag(^i,/i2, . . . ,/iAf). (5.1) 

By convention it is assumed that fJ.i < fJ.2 l£ ■ ■ ■ l£ fJ-N and since $ is traceless then 
fJ-i+fJ-2+- ■ ■+iJ'N = 0. This M is the vacuum expectation value for $ and the residual 
symmetry group H is the symmetry group of M under gauge transformations. 
Thus, for example, if all the are distinct then the residual symmetry group is 
the maximal torus U{1)^^^ and this is known as maximal symmetry breaking. In 
this case 

so the monopoles are associated with — 1 integers. 

In contrast, the minimal symmetry breaking case is that in which all but one of 
the lip are identical, so the residual symmetry group is U{N — 1). Since 



7r2 



there is only one topological integer characterization of a monopole. Nonetheless, 
a given solution has — 1 integers associated with it, which arise in the following 
way. 

A careful analysis of the boundary conditionsiB indicates that there is a choice 
of gauge such that the Higgs field for large r, in a given direction, is given by 

$(r) = idiag(^i,/Z2, . . . ,MJv) - - diag(fci, fc2, . . . , /cjv) + 0(r"^). (5.4) 

r 

In the maximal symmetry breaking case the topological charges are given by 

p 

TOp = ^ kq. (5.5) 

9=1 

In the case of minimal symmetry breaking only the first of these numbers, mi, is a 
topological charge. Nonetheless, the remaining nip constitute an integer character- 
ization of a solution, which is gauge invariant up to reordering of the integers kp. 
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The Trip are known as magnetic weights, with the matrix diag (ki, ^2, . . . , k^) often 
called the charge matrix and diag (fix, ^2, ■ • ■ , ^J■N) the mass matrix. 

There are some obvious ways of embedding su{2) in su(7V), for example, 



/ 



a (3 
-P -a 



\ 



\ 



(5.6) 



Important SU [N] monopoles can be produced by embedding the SU (2) charge one 
monopole fields, which are known sM(2)-valued fields, in su{N). Some care must 
be taken in producing these embedded monopoles to ensure that the asymptotic 
behaviour is correct. The SU{2) monopole may need to be scaled and it may be 
necessary to add a constant diagonalfield beyond the plain embedding described 
by (5.6); details may be found in refsE3'EZl. Obviously there is an embedding of the 
form (5.6) for each choice of two columns in the target matrix. The embedded 1- 
monopoles have a single kp = 1 and another kpi = —1, the rest are zero. The choice 
of columns for the embedding dictates the values for p, p', so there are A^ — 1 different 
types of fundamental monopole with rrip — 1 and the rest zero, corresponding to 
the choice p' ^ p + 1. 

Recall that in the case of minimal symmetry breaking the choice of order of 
the kp is a gauge choice. In fact, in the case of minimal symmetry breaking, the 
embedded 1-monopole is unique up to position and gauge transformation. Solutions 
with ki — k have k times the energy of this basic solution and so it is reasonable 
to call these /c-monopoles. There are of course different types of such fc-monopoles 
corresponding to different magnetic weights. 

For other intermediate cases of symmetry breaking the residual symmetry group 
is H = U{\Y X where X is a rank N — r — 1 semi-simple Lie group, the exact 
form of which depends on how the entries in the mass matrix coincide with each 
other. Such monopoles have r topological charges. 

The twistor methnds of Section 2 can be formulated for the case of general 
gauge groups. WardEll has constructed some explicit S'[/(3) monopoles via the 
splitting of appropriate patching matrices over TT. The spectral curve approach for 
maximal symmetry breaking has been formulated by Hurtubise & MurrayS and 
consists of a specification of rank(G') algebraic curves in TT, satisfying reality and 
non-singularity conditions. For higher rank gauge groups the Donaldson rational 
map correspondence has been extended by MurrayE^I to maps into flag manifolds 
and a similar extension exists for the new rational maps of JarvisS. 

The ADHMN construction for general G is outlined in the original work of 
NahmnJ and is discussed further in ref.E3. Briefly, for G = SU {N) the Nahm data 
are triplets of anti-hermitian matrix functions {Tl,T2^T^) of s over the intervals 
(Mp,Mp+i)- The size of the matrices depends on the corresponding values of m^; 
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the matrices {Ti^T2,Tz) are rup x urip matrices in the interval (/ip,/ip+i). They 
are required to be non-singular inside each interval and to satisfy Nahm's equation 
(2.20) but there are complicated boundary conditions at the ends of each of the 
intervals. These boundary conditions are designed so that the linear equation (2.21) 
has the correct number of solutions required to yield the right type of monopole 
fields. 

The simplest case is maximal symmetry breaking in an SU (3) theory. There are 
then two types of monopole, so the charge is a 2-component vector (mi, 7712). The 
simplest multi- monopole is therefore of charge (1,1), and its Nahm data was studied 
by Connell0. Since there is only one of each type of monopole then the Nahm data 
is 1-dimensional over each of the two intervals, so Nahm's equations are trivially 
satisfied by taking the Nahm data to be constants over each of the two intervals. 
These two triplets of constants determine the positions of the two monopoles and 
the matching condition at the common boundary of the two intervals determines 
the relative phase. 

The moduli space of these monopoles is 8-dimensional but, as in the SU{2) case, 
there is an isometric splitting to factor out the position of the centre of mass and 
the overall phase. The relative moduli space, A^^j^ j^^, is thus 4-dimensional. B 
computing the metric on Nahm data and using a uniqueness argument, Connel 
was able to show that the metric on M'^^i is the Taub-NUT metric with a positive 
mass parameter. This result was rediscovered some years latei0'Ei. Recall that the 
asymptotic Atiyah-Hitchin metric is also a Taub-NUT metric, but with a negative 
mass parameter, so the asymptotic metric has a singularity outside its region of 
validity. This difference in sign results from the fact that in the SU{3) case the 
two monopoles are electrically charged with respect to different U{1) factors in 
the residual symmetry group. There is thus a conservation of the individual electric 
charge of each monopole, providing aU{l) symmetry in the metric which is absent in 
the Atiyah-Hitchin metric, since charge exchange occurs between SU{2) monopoles. 
This results is a simplified dynamics of charge (1, 1) monopoles, which bounce back 
off each other in a head-on collision in comparison with the right-angle scattering 
of two SU{2) monopoles. 

Similar simplifications can be expected in all cases where there is at most a single 
monopole of each type. Thus the 4{N — 2)-dimensional relative moduli space M% 
of charge (1, 1, l)_monopoles in an SU{N) theory should be tractable. Indeed, 
Lee, Weinberg & YiO have computed the asymptotic metric, which is a general- 
ization of the Taub-NUT case, and conjectured that it is the exact metric. Thisjs 
supported by a computation of the metric on the space of Nahm data by MurrayO, 
which obtains the same result. Note that this last calculation is not quite a proof, 
since although it is believed that the transformation between the monopole moduli 
space metric and the metric on Nahm data is an isometry for all gauge groups and 
symmetry breaking, it has only been proved for SU{2) monopoles^ and special 
cases for minimally broken SU{N)lB. More recently, these and other monopole 
metrics have also been obtained by Gibbons & RychenkovaLj using the hyperkahler 
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quotient construction. 

There is a method which can be used to give a local construction of hyperkahler 
metrics known as the generalized Legendre transformCJ. This can be used, for 
example, to give yet another derivationEZl of the Atiyah-Hitchin manifold. Using 
this method ChalmersO was able to rederive the Lee- Weinberg- Yi metric and prove 
that it is the correct metric throughout the moduli space. 

In order to examine if there are any other special choices of gauge group, sym- 
metry breaking and monopole charges for which there may be a simplification we 
need to review a few more details of the Nahm data boundary conditions. 

For ease of notation we shall only describe the case where mp_i > rup, since 
this will be the one of interest in what follows. Define the function 

N 

A;(s) = ^A:p0(s-Aip) (5.7) 
p=i 

where 9(s) is the usual step function. In the interval (/ip, /ip+i) then k(s) = rrip, 
so it is a rectilinear skyline whose shape depends on the charge matrix of the 
corresponding monopole. 
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If k{s) near fXp looks like 



p-i 



s = flp 

then as s approaches /ip from below it is required that 





rrip 




JR^ + 0{^) 


0(^([fep|-l)/2) \ 


\kp\ 


0(^(|fcp|-l)/2) 


n + o(z) ) 


nip 



where 



and where 



T,{s)=Tl + 0{z) 



(5.8) 



(5.9) 



as s approaches /ip from above. It follows from Nahm's equation ( 2.20 ) that the 

form a representation of su{2). 



\kp\ residue matrices {Ri, R2, R3) in (5 



The boundary conditions require that this representation is the unique irreducible 
I fcp I -dimensional representation of su{2). 

In summary, at the boundary between two intervals, if the Nahm matrices are 

block continues 
block simple 



Lp 

m 



mp_i X mp_i on the left and mp x mp on the right an rrip x 
through the boundary and there is an (mp_i — rUp) x (mp_i 
pole whose residues form an irreducible representation of su{2). 

These conditions now suggest a simplifying case, since if fcp = — 1 for all p > 1 
then k{s) is a staircase with each step down of unit height. We shall refer to this 
situation as the countdown case since the magnetic weights are given by {N — 1, TV — 
2, 2, 1). Thus, since all the 1-dimensional representations of su{2) are trivial, the 
Nahm data has only one pole, which is at s = fii. Taking the limiting case of 
minimal symmetry breaking, by setting fii — ~(N — 1) and /i2 = ... = I^-n = 1, 
we find that the Nahm data is defined on a single interval [— + 1,1] with the 
only pole occurring at the left-hand end of the interval. This is very similar to 
the Nahm data for SU{2) monopoles, except that the pole at the right-hand end 
of the interval is lost. This allows a construction of Nahm data for charge — 1 
monopoles in a minimally broken SU (N) theory in terms of rescaled Nahm data 
for SU{2) monopoles, where the rescaling moves the second pole in the Nahm data 
outside the interval. With this in mind it is convenient to shift s so that the Nahm 
data is defined over the interval [0, TV]. 
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As an illustration of the simplification that occurs in the countdown case we 
present the Nahm data for an SU{N) charge N— 1 spherically symmetric monopole. 
It is given by Ti — —pi/2s where pi, P2, Ps form the standard spin {N — 2)/2 repre- 
sentation of su{2). The associated spectral curves are simply_D^~^ = 0. Sphericallv 
symmetric monopoles were first studied by Bais & WilkinsonLJ, Leznov & SavelievtJ 
and Ganoulis, Goddard & OliveLlI, all using a radial ansatz in the Bogomolny equa- 
tion. 

The simplest countdown example to consider further is the case of charge two 
SU{3) monopoles with minimal symmetry breaking. For k = 2 there are two distinct 
types of monopoles corresponding to magnetic weights (2, 0) and (2, 1). (The cases 
(2, 2) and (2, 0) are equivalent by a reordering of k2 and fcs). For weights (2, 0) the 
monopoles are all embeddings of su{2) 2-monopoles and this case is not interesting 
as an example of su(3) 2-monfmoles. For weights (2, 1) this is a countdown case and 
was first studied by DancerE2fL3. Given the comments above it is fairly clear that 
the appropriate Nahm data has the same form as the SU (2) 2-monopole Nahm data 



(2.32) where the functions /i, /2, /a are almost the same as in the SU(2) case (2.35) 
except that the complete elliptic integral K, whose value was required to place the 
second pole at s = 2, is now replaced by a parameter D, whose range is such that 
no second pole occurs in the interval ie. D < 2K/3. Explicitly the Nahm data is 

DdniDs) . D DcnjDs) 

Ti = -I- — TTTv'^i' ^2 = -It. — 777Tcr2, J3 = i- — 777^^3 (5.10 
2sn(£>s) 2sn(_Ds) 2sn(iJs) 

The moduli space of such monopoles is 12-dimensional, so after centering we 
are left with an 8-dimensional relative moduli space Mg. There is an isometric 
SO{2>) X SU [2) /7Z.2 action on Mg . The SU {2) /7Z.2 action is a gauge transformation 
on the four Nahm matrices, which is the identity at s = 0, while the S0{2>) action 
both rotates the three Nahm matrices as a vector and gauge transforms all four 
Nahm matricesH. Taking the quotient of A/g by the SU{2)/'E.2 action gives a 
5-dimensional manifold Mg which has an 5*0(3) action, since the SU{2)/'2.2 and 
5*0(3) actions on Mg commute. The Nahm data for is precisely the orbit under 



5*0(3) of the 2-parameter family of Nahm data ( 5.10 ). Using this Nahm data, 
Dancer^l computed an explicit expression for the metric on Afg and an implicit 
form for the metric on the whole of Afg . A more explicit form for the metric on A/g , 
in terms of invariant 1-forms corresponding to the two group actions, together with 
a study of the corresponding asymptotic monopole fields has been given by IrwinEil. 

A totally geodesic 2-dimensional submanifold, Y , of A/g is obtained by imposi- 
tion of a ^2 X 7L2 symmetry, representing monopoles which are symmetric under 
reflection in all three Cartesian axes. In fact Y consists of six copies of the space 
Mg/50(3). This submanifold was introduced by Djuicct & Leese and the geodesies 
and corresponding monopole dynamics investigatedE30. There are two interesting 
new phenomena which occur. The first is that there can be double scatterings, 
where the two monopoles scatter at right-angles in two orthogonal planes. The sec- 
ond is that there are unusual geodesies which describe monopole dynamics where 
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two monopoles approach from infinity but stick together, with the motion taking 
the configuration asymptotically towards an embedded SU{2) field, which is on the 
boundary of the SU{3) monopole moduli space and metrically at infinity. This kind 
of behaviour is still not completely understood but the interpretation is that there 
is a non-abelian cloudEZrEJ, whose radius is related to the parameter D in the Nahm 
data (5.f0). It is the motion of this cloud which carries off the kinetic energy when 
the monopoles stick. Lee, Weinberg & YiEll interpret this cloud as the limit of a 
charge (2,1) monopole in a maximally broken theory, in which the mass of the ( , 1) 
monopole is taken to zero, thereby losing its identity and becoming the cloud. 

For the case of charge (2, 1) monopoles in the maximalhL,broken SU{3) theory, 
Chalmers has conjectured an implicit form for the metricES. This uses the gen- 
eralized Legendre transform technique and modifies the same construction of the 
Atiyah-Hitchin metricEll. 

Nahm data for other SU{N) countdown examples can be obtained by a modifica- 
tion of SU{2) Nahm data. For example, Platonic SU{N) monopoles can be studied 
from the SU{2) Nahm data discussed in Section 3. Again exotic phenomena are 
found such as double scatterings and pathological geodesies where the monopoles 
never separated 



6. S-Duality and Seiberg-Witten Theory 

There has been a recent revival of interest in BPS monopoles due to their central 
role in S-duality and Seiberg-Witten theory. It is beyond the scope of this review 
to discuss these topics in any detail but a few remarks regarding the application of 
results in monopole theory will be made. 

Montonen-Olive dualityll is a conjectured weak to strong coupling ^2 symmetry 
which exchanges electric and magnetic charge and thus interchanges the fundamen- 
tal particles and monopoles. It was soon realisedEj that the best chance of this 
duality existing occurs in an A/" = 4 supersymmetric Yang-Mills theory. Much later 
is was observed, following work on string theory and lattice models, that this Z2 
symmetry should be extended to a conjectured SL{2, 2) symmetry, which is now 
knowrias S-duality. The real explosion in this subject took place with the work 
of SenEll who showed that a consequence of S-duality is the existence of certain 
monopole-fermion bound states, which are described by self-dual normalizable har- 
monic forms on the classical centred monopole moduli space Ml- There is thus a 
testable prediction of S-duality and moreover Sen was able to explicitly present the 
appropriate self-dual 2-form on the Atiyah-Hitchin manifold thus confirming the 
prediction in the simplest case of a 2-monopole bound state. As we have seen the 
metrics on the higher charge (fc > 2) monopole moduli spaces M'^ are not known, so 
there is no hope of a similar explicit construction of the predicted Sen forms. How- 
ever, the existence of these forms can be answered by a study of the appropriate 
cohomology of A4^ and the predictions of S-duality have essentially been confirmed 
in this way by Segal & SelbyO, making use of Donaldson's rational map description 
of the monopole moduli space. An alternative confirmation of the existence of the 
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Sen forms has been given by Porrati2j. 

As we have seen in the last Section there are simplifying special cases for higher 
rank gauge groups where the metric is known explicitly. For G = SU (N) with 
maximal symmetry breaking the metric on the moduli space of charge (1, 1, 1) 
monopoles is known. The appropriate_Sen forms for the simplest case of = 3 
were presented by Lee, Weinhifirg & YiO and also Gauntlctt & LowaI3 and for the 
case of general N by Gibbona^J. 

For classical monopoles all configurations of charge k have equal energy, so there 
are no special configurations from this point of view. However, in the quantum case 
the Sen form determines a probability density on the classical monopoie moduli 
space which is peaked over certain sets of classical monopoie solutions. In the work 
of Segal & SelbyEj certain low-dimensional cycles in Ai^ are also important. We 
have seen in Section 3 that there are special configurations of monopoles, such as 
those with Platonic symmetry or extra zeros of the Higgs field and it would be 
interesting if these were the ones of interest in the above context. By constructing 
a Morse function on Ai^ certain distinguished cycles can be found which include 
these special configurationsEil but more work in this direction is required. 

Turning now to the case of Af — 2 supersymmetric theories the celebrated work 
of Seiberg & WittenE3 allows the computation of the nonperturbative low energy 
effective action by application of a version of duality, but this time which describes 
how the theory varies as a function of the expectation value of the Higgs fieL 
important object is an algebraic curve of genus A^— 1 for gauge group SU (A^)E3t 
A special differential exists such that the spectrum of BPS states is given by inte- 
gration of this differential over the 2{N — 1) one-cycles of the curve. There has been 
much work, which began with that of Gorskii et aO, to connect these curves to 
those occurring in certain integrable systems. However, there is also a connection 
with mononoles, as follows, but it may be only a mathematical coincidence. The 
observationEa is that the Seiberg- Witten curves for gauge group SU {N) have the 
same form as the quotient spectral curves of SU{2) cyclically symmetric charge A^ 
monopoles. At the time it seemed very strange that the size of the gauge group 
was connected to the charge of the monopoie but, as we shall discuss briefly below, 
exactly the same phenomenon was later found for gauge theories in three dimen- 
sions and a physical explanation discovered in terms of string theory. It was checked 
by Chalmers & HananyEj that extending this correspondence to the gauge group 
S0{2N) by considering the quotient spectral curves of dihedral monopoles also 
works and it seems likely that it extends to the exceptional groups by considering 
Platonic monopoles. However, from the point of view of the monopoie construction 
it is not so clear how to incorporate the exceptional algebras. In the case of the 
affine algebra a''^}_t^ there is a simple ansatzH to determine the form of the Nahm 
data for SU{2) cyclic fc-monopoles in terms of the generators of the algebra. The 
problem with the exceptional algebras is that if one attempts to use the same ansatz 
then the construction will work but the charge of the monopoles will be ridiculously 
high. It seems plausible that the charges can be reduced to reasonable values by 
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considering principle su(2) subalgebras but still these charges are higher than the 
minimal values known to allow Platonic configurations. For these reasons the con- 
nection between the Platonic monopoles discussed in Section 3 and the exceptional 
algebras is still not understood. 

Finally, let us discuss the ca .se of the Coulomb branch of A/" = 4 supersymmetric 
theories in three dimensional23'Lj. These are the latest developments in Seiberg- 
Witten theory but appear to be those in which a direct and interesting connection 
with results in monopole theory can be made. 

The Af = 4 supersymmetric theory in three dimensions can be obtained from a 
dimensional reduction of the Af = 1 supersymmetric theory in six dimensions. The 
theory therefore contains three Higgs fields and, since the Higgs potential is the trace 
of the commutators of these fields, the vacuum configurations of Higgs fields are 
where they all lie in the Cartan subalgebra of the gauge group G. Consider the case 
G = SU{N), then the moduh space of the Higgs vacuum is 3{N — l)-dimensional. 
In addition, for maximal symmetry breaking, there are A'' — 1 photons which in three 
dimensions are dual to iV — 1 scalars. So in all, the classical moduli space of vacua 
is the 4(iV — l)-dimensional space of these massless scalars. The fact that there is 
J\f ~ 4: supersymnietry means that the low energy effective action can be understood 
in terms of the metric on this manifold, which is hyperkahler. Classically the metric 
is flat but there are both perturbative and instanton corrections to this. Note that 
since the theory is in three dimensions then the classical instantons are actually the 
BPS monopoles themselves. 



Using ideas of duality Seiberg & Witter£23 computed the quantum metric in 
the SU (2) case and found it to be the Atiyah-Hitchin metric ie. the classical metric 
on the moduli space Ai^ of SU (2) centred 2-monopoles. The generalization of the 
quantum metric to gauge group SU{N) was conjectured by Chalmers & Hanany@ to 
be the metric on A4% ie. the classical metric on the moduli space of centred SU{2) 
monopoles of charge N. An explanation of this intriguing identification in terms of 



string theory has been given by Hanany & WittenllHll and consists of considering 
certain configurations of fivebranes and threebranes in type IIB superstring theory 
in ten dimensions. 

The obvious question for monopole theorists is how these conjectured appear- 
ances of multi-monopole moduli spaces can be verified. For the quantum theory in 
three dimensions the perturbative loop corrections can be computed as can the non- 
perturbative instanton corr ecti ons, at least for low instanton numbers. Indeed for 
the SU{2) case Dorey et alE23 have computed the perturbative and one-instanton 
corrections and shown that they agree with the asymptotic form of the Atiyah- 
Hitchin metric plus the leading order exponential correction. This is enough to 
verify the SU{2) result. However, recall from the discussion in Section 4 that the 
multi-monopole moduli space metric is not known on Ai^ for k > 2. Thus even if 
the computations of the quantum metric are performed there is no known result for 
comparison. 

The ball is now in the court of the monopole theorist to provide some results 
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secluding the Atiyah-Hitchin 
a) there is only one case in 



to which instanton calculations can be compared, 
case (and the known Atiyah-Hitchin submanifoldsE 
which the exact monopole metric is known even on any geodesic submanifold of 
Ml- This is the metric on the moduli space of tetrahedrally symmetric charge 
four monopolesEj. The correspondence between the scalar fields in the quantum 
gauge theory and the moduli of the monopoles is that the vacuum expectation 
values of the three Higgs fields gives the relative positions of the monopoles and the 
scalars dual to the photons give the relative phases. Thus by computation of the 
perturbative and instanton contributions in the SU (4) quantum theory where the 
vacuum expectation values correspond to the vertices of a tetrahedron, there is a 
known result against which the answer can be checked. If required, the metric on 
other totally geodesic submanifolds discussed in Section 4, in which the Nahm data 
is known in terms of elliptic functions, could also be computed. 

Seiberg & WittenL^ also discuss the quantum field theory when massive hyper- 
multiplets are included. If a single hypermultiplet is included, whose mass vector 
is q € TR^ , they find that the appropriate 4-dimensional hyper kahler metric is a 
one-parameter defornmtinii, A^(|q|), of the Atiyah-Hitchin metric. This metric was 
discovered by DanccrE2lll23 as the hyperkahler quotient of the manifold Mg (which 
is the centred moduli space of charge two SU{3) monopoles as discussed in the last 
Section) by a U{1) subgroup of the SU{2) action. The vector q is the level set of 
the moment map and the manifold is a deformation of the Atiyah-Hitchin manifold 
in the sense that Al(0)ja^the double cover of A^2- 

Recently, Houghtonl^il has rederived the manifold A^(|q|) as another monopole 
moduli space. It is the moduli space of charge (2, 1) monopoles in a maximally bro- 
ken SU (3) theory in which the mass of the ( , 1) monopole is taken to infinity. This 
infinite mass limit fixes the position of the ( , 1) monopole which is determined by 
the constant vector q. An advantage of Houghton's description is that the asymp- 
totic metric can be computed using a point particle approximation. However, it 
should be possible to go further and compute the exponential corrections to this 



asymptotic metric using the Nahm data ( 5.10 ). This would be a useful result since 
a comparison with, at least, the one-instanton correction in the quantum theory 
should be possible. 

The process of taking massless and infinitely massive limits of monopole moduli 
spaces has been investigated within the framework of the hyperkahler quotient con- 
struction by Gibbons & RychenkovaE§ and other metrics of relevance to quantum 
gauge theories in three dimensions obtained. 
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